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SWITCHING LOGIC AND STEERING EQUATIONS FOR 

MULTIBURN EARTH ESCAPE MANEUVERS 

5 4 

By Jack Funk and Stewart F. McAdoo, Jr. 

1.0 SUMMARY 

The use of multiburn-multiorbit maneuvers to inject spacecraft onto 
interplanetary missions significantly reduces gravity losses and thrust- 
to-weight-ratio requirements. Therefore, the application of this type of 
injection technique to manned interplanetary missions will increase 
performance and will reduce the cost of solid-core nuclear propulsion. 
Indispensable for the multiorbit injection technique is the development 
of engine switching logic and steering equations which will minimize 
gravity losses for the injection maneuvers. 
switching logic and steering equations are presented for the multiorbit 
injection technique with discussion and examples of the use of the 
technique. 

Derivations of near-optimum 

The switching logic and steering equations are developed to minimize 
the difference between the velocity required for a single-impulse thrust 
maneuver and the velocity required for the multiorbit finite-thrust-ma- 
neuver. A loss function is developed which is a function of the charac- 
teristic velocity of the propulsion stage (or stages) and of the periapsis 
velocities of the multiorbit maneuver. It is shown geometrically that 
the finite-thrusting arcs are optimized if the engine is turned on when 
the derivative of the loss function is less than a constant value. The 
value of the derivative used to switch the thrust determines the number 
of injection orbits in the maneuver and the final escape velocity. The 
steering law used is derived by determination of the partial derivative 
of the total derivative of the loss function with respect to steering 
direction. 

2.0 INTRODUCTION 7 

. The use of multiburn-multiorbit maneuvers for planetary escape 
(ref. 1) significantly reduces the gravity losses or thrust-to-weight 
requirements (or both) for escape maneuvers. The application of this 
type of injection technique to manned interplanetary missions will a 
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considerably reduce c o s t  i f  t h e  primary propulsion i s  nuc lear  powered. 
Nuclear power w i l l  permit a cons iderable  reduct ion i n  t h e  requi red  
t h r u s t  l e v e l .  
t h r u s t  l e v e l  i s  considerably g r e a t e r  t han  the  weight of chemical propul- 
s i o n  systems. 
0 .2  of t h e  t h r u s t  l e v e l .  
weight approximately 15 000 pounds. The increased weight and t h e  cooldown 
f u e l  requirements f o r  nuc lear  engines r e s u l t  i n  a s i g n i f i c a n t  performance 
penal ty  f o r  high t h r u s t  l e v e l s .  

The weight of a so l id-core  nuclear engine f o r  a given 

A t y p i c a l  engine mass f r a c t i o n  f o r  nuc lear jpropuls ion  i s  
Therefore ,  a 75 000-pound-thrust engine w i l l  

Ind ispensable  f o r  t h e  m u l t i o r b i t  escape maneuver i s  t h e  development 
of engine switching l o g i c  and s t e e r i n g  equations t o  optimize t h e  maneu- 
ver. I n  t h i s  paper are presented t h e  der iva t ions  of near-optimum switching 
l o g i c  and s t e e r i n g  equat ions f o r  a mul t io rb i t  escape maneuver wi th  some 
d iscuss ion  of t h e i r  uses  i n  mission guidance and con t ro l .  

3.0 SYMBOLS 

a 

C 

e 

F 

f 

G 

K 

L 

L 

n 

P 

9 

r 

T 

. semimajor a x i s  

modified loss - func t ion  derivative 

e c c e n t r i c i t y  

t h r u s t  

t r u e  anomaly 

a c c e l e r a t i o n  of g r a v i t y  

switching cons tan t  

l o s s  func t ion  

t ime d e r i v a t i v e  of l o s s  func t ion  

mean motion 

semi la tus  rectum 

e f f e c t  of s t e e r i n g  angle  a t  t i m e  t + T 

r a d i u s  

t o t a l  burn t ime 
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t 

V 

VIM 

av 

W 

Z 

a 

8 

Y 

P 

T 

time 

velocity 

hyperbolic excess velocity 

impulsive velocity change 

weight 

GF 
W 

(t - r ) ( l  + e) - 

steering angle 

steering angle 

flight-path angle 

gravitational constant 

time 

Subscripts 

a apoapsis 

C characteristic 

e equivalent 

i initial 

p periapsis 

r radial 

s horizontal 
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4.0 ANALYSIS 

The mul t io rb i t  escape maneuver i s  i l l u s t r a t e d  i n  f i g u r e  1 h,--:h con- 
sists of a s e r i e s  of t h r u s t i n g  a r c s  separa ted  by e l l i p t i c a l  coas t ing  
a r c s .  
and a technique t o  determine when t h e  engine should be s t a r t e d  and 
stopped t o  minimize propuls ion l o s s e s .  
func t ion  t o  be minimized, t h e  f i r s t  s t e p  i s  t o  w r i t e  an equat ion f o r  t h e  
propuls ion lo s ses .  

The problem t o  be solved i s  development of a s t e e r i n g  d i r e c t i o n  

Because propuls ion l o s s  i s  t h e  

4 .1  Gravity Loss Function 

The g rav i ty  l o s s e s  are def ined as t h e  d i f f e r e n c e  between t h e  impul- 
s i v e  v e l o c i t y  change A V  requi red  f o r  an impulsive escape maneuver w i t h  
a spec i f i ed  hyperbolic excess v e l o c i t y  Vo3 and t h e  c h a r a c t e r i s t i c  veloc- 

i t y  requi red  t o  perform a maneuver t o  t h e  same magnitude w i t h  f i n i t e  
t h r u s t .  
t h e  p e r i a p s i s  ve loc i ty  V before  and a f t e r  t h e  impulsive maneuver. 

The impulsive v e l o c i t y  change AV i s  t h e  d i f f e r e n c e  between 

P 
Because the  p e r i a p s i s  r ad ius  may not be cons tan t  during a f i n i t e -  

t h r u s t  maneuver, a problem a r i s e s  t o  de f ine  AV. This  problem is  solved 
by c a l c u l a t i o n  of an equiva len t  p e r i a p s i s  v e l o c i t y  V f o r  t h e  

i n i t i a l  p e r i a p s i s  r ad ius .  A AV can be def ined dur ing  t h e  f i n i t e - t h r u s t  
maneuver as t h e  d i f f e rence  between t h e  i n i t i a l  and t h e  equiva len t  p e r i -  
a p s i s  v e l o c i t i e s .  The equivalent  p e r i a p s i s  v e l o c i t y  i s  ca l cu la t ed  from 
t h e  a c t u a l  p e r i a p s i s  v e l o c i t y  by use  of t h e  r e l a t i o n  

P ¶ e  

2 %  v,' = v - * rP 

where LI i s  the  g r a v i t a t i o n a l  cons t an t ,  r is t h e  p e r i a p s i s  r a d i u s ,  

and Vm is  the  hyperbol ic  excess v e l o c i t y .  The equiva len t  p e r i a p s i s  

vg loc i ty  is 

P 

. 
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The g rav i ty  l o s s e s  during t h e  f i n i t e - t h r u s t  maneuvers are ca l cu la t ed  
as fol lows.  

where G i s  t h e  acce le ra t ion  caused by g rav i ty  a t  sur face ,  F i s  t h e  
rocke t  t h r u s t ,  and W i s  t h e  weight of t h e  spacecraf t .  

4.2 S teer ing  Equation 

The s t e e r i n g  equation i s  required t o  minimize t h e  g rav i ty  l o s s  
during t h e  t h r u s t i n g  a rc s .  
t h a t  t h e  t h r u s t  d i r e c t i o n  makes with t h e  l o c a l  hor izonta l .  The angle  
i s  def ined t o  be p o s i t i v e  above the  l o c a l  ho r i zon ta l  and negat ive below 
t h e  l o c a l  ho r i zon ta l .  The symbol chosen f o r  t h e  t h r u s t  d i r e c t i o n  i s  B .  
It i s  necessary t o  f i n d  t h e  funct ion B ( t )  which minimizes t h e  l o s s  L 
defined by t h e  following. 

The s t e e r i n g  angle i s  def ined as t h e  angle  

where T i s  t h e  t o t a l  t h r u s t  t i m e .  

The ra te  of change of t h e  grav i ty  l o s s e s  as a func t ion  of B and tra- 
Jec to ry  parameters i s  der ived from equat ion (3)  as 

The de r iva t ion  i s  given i n  appendix A .  

An i n t e r e s t i n g  r e s u l t  i s  obtained when aL/aB i s  made equal  t o  
zero.  Performance of t h i s  operat ion on L gives  

B = y  
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Thus, t h e  o f t e n  used approximation f c r  t h e  optimum s t e e r i n g  d i r e c t i o n  
along t h e  v e l o c i t y  vec to r  r e s u l t s  from minimization of t h e  t i m e  d e r i v a t i v e  
of t h e  g r a v i t y  l o s s e s .  This  procedure i s  not a s u f f i c i e n t  condi t ion  of 
an optimum because B at any given t ime has an e f f e c t  not only a t  t h a t  
t ime but  at a l l  subsequent t imes ,  

A c lue  t o  t h e  e f f e c t  of 
i s  obtained from t h e  t ime h i s t o r y  of L ( y , t )  [ f i g .  2 ( a ) ] .  The t i m e  
d e r i v a t i v e  f o r  a loss func t ion  L 
$onstrained toL.pa6s through t h e  same pe r i aps i s  r a d i u s .  It i s  seen t h a t  
L goes t o  zero a t  a l l  pe r i apses .  When t h r u s t i n g  occurs  along t h e  veloc- 
i t y  vec to r  f, [ f i g .  2(b)] cont inua l ly  increases  on each p e r i a p s i s  
passage. The s t e e r i n g  angle  a t h a t  holds t h e  p e r i a p s i s  constant  
[appendix B] i s  t h e  fol lowing.  

B on t h ?  grav i ty  l o s s e s  a t  t ime t + T 

i s  shorn f o r  t h r u s t i n g  a r c s  which a r e  

This expression i s  indeterminate  at r = r . 
L'Hospi ta l ' s  r u l e ,  it i s  determined t h a t  a = 0 a t  p e r i a p s i s .  Thus, t h e  
s t e e r i n g  angle  f o r  both cases  i s  zero a t  pe r i aps i s ;  however, t h e  va lue  
of f, is  d i f f e r e n t .  The cause f o r  t h e  d i f fe rence  i s  an accumulative 
e f f e c t  of t h e  s t e e r i n g  func t ion  at pe r i aps i s  which occurs before  p e r i a p s i s .  
This phenomenon suggests  t h a t  t h e  subsequent e f f e c t  
d i r e c t i o n  a t  t i m e  t + T can be approximated by eva lua t ion  of L f o r  
r = r  and B = y = O .  

After  a p p l i c a t i o n  of 
P 

q of t h e  s t e e r i n g  

P 

c 

A modified lo s s  fun$t ion  i s  now constructed which c o n s i s t s  of two 
p a r t s .  The f i rs t  p a r t  L - q i s  t h e  r a t e  of change of t h e  g r a v i t y  
l o s s e s  caused by f3 a t  t h e  cu r ren t  t i m e .  The second p a r t  i s  t h e  es t imate  
of t h e  e f f e c t  of t h e  cu r ren t  s t e e r i n g  d i r e c t i o n  on t h e  l o s s  func t ion  f o r  
t h e  remaining t h r u s t  per iod .  The func t ion  q i s  accumed t o  be monotonic 
a t  a l l  t imes .  Therefore,  t h e  t o t a l  e f f e c t  of B ( t )  f o r  t h e  i n t e r v a l  
T - t i s  given by t h e  fol.lowing i n t e g r a l .  
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3 

. 

T 
AL = 2 ( T  - t )  dT 

and 

( 9 )  

(10) 

The modified l o s s  func t ion  becomes t h e  following. 

When r /r = 1 and dq/dt = 0 ,  t h e  condi t ion for a constant  
P PYi 

p e r i a p s i s  r a d i u s  = f, occurs. The q r ep resen t s  t h e  po r t ion  of t h e  
g r a v i t y  l o s s e s  caused by a change i n  p e r i a p s i s  r a d i u s  from t h e  i n i t i a l  
va lue .  A s t e e r i n g  d i r e c t i o n  t h a t  minimizes t h e  g r a v i t y  l o s s e s  can now 
be evaluated from t h e  following equation 

aC 
a0 
- =  0 

and by use  of t h e  d i f f e r e n t i a l  equations f o r  changes i n  o r b i t a l  elements 
caused by pe r tu rb ing  acce le ra t ion  which were developed by Lagrange and 
given i n  r e fe rence  2.  
r e s u l t s  i n  t h e  following equation. 

The der ivat ion of t h e  s t e e r i n g  equation (appendix C )  , 



a 

Where 

4.3 Switching Logic 

THe s t e e r i n g  d i r e c t i o n  which minimizes t h e  t o t a l  e f f e c t  of B 
on t h e  g r a v i t y  l o s s e s  i s  given i n  equation (13) .  This e f f e c t  i s  given 
by t h e  modified l o s s  func t ion  C .  Because t h e  modified l o s s  func t ion  
r ep resen t s  a l l  t h e  e f f e c t s  of B ( t )  and none of t h e  e f f e c t s  of B a t  
o the r  times, t h e  following switching log ic  should minimize t h e  g r a v i t y  
l o s s e s .  

The m u l t i o r b i t  i n j e c t i o n  maneuver r e q u i r e s ,  i n  a d d i t i o n  t o  t h e  
s t e e r i n g  d i r e c t i o n ,  a c r i t e r i o n , - f o r  engine s tar t  and s t o p  t i m e s .  The 
c r i t e r i o n  w i l l  have t h e  c a p a b i l i t y  t o  ad jus t  t h e  l eng th  of t h e  va r ious  
burns t o  minimize t h e  g r a v i t y  l o s s e s ,  subject  t o  t h e  c o n s t r a i n t  t h a t  
t h e  t o t a l  burn t ime i s  a cons t an t .  The switching l o g i c  which accomplishes 
t h i s  t a s k  i s  s t a t e d  as fol lows.  

' If t h r u s t i n g  i s  i n i t i a t e d  when t h e  d e r i v a t i v e  of t h e  loss func t ion  
i s  below a given value K and i s  stopped when t h e  d e r i v a t i v e  of t h e  
loss func t ion  i s  above t h i s  same value K ,  t h e n  t h e  r e s u l t a n t  burn 
schedule w i l l  be optimum. The number of  burns and t h e  r e s u l t a n t  end 
condi t ions w i l l  depend on t h e  value of K.  The proof t h a t  t h i s  switching 
l o g i c  does minimize t h e  l o s s  funct ion i s  discussed geometrically with 
t h e  a i d  of figure 3. 

The optimum burn schedule i s  obtained when t h e  engine i s  switched 
ON at p o i n t  1, OFF at po in t  2 ,  ON a t  point 3, and OFF a t  po in t  4, and so  
f o r t h .  If t h e  t o t a l  burn t ime i s  constant f o r  each burn and if t h e  burn 
schedule i s  delayed f o r  t h e  f i r s t  burn t o  ON a t  p o i n t  5 and OFF a t  
p o i n t  6,  t h e  l o s s  i s  reduced by t h e  area under t h e  cos t  func t ion  between 
p o i n t s  1 and 5 and i s  increased by t h e  area under t h e  curve between p o i n t s  
2 and 6. 
t h e  same Eor..each increment. The increase i n  AV l o s s  represented by t h e  
a r e a  between p o i n t s  2 and 6 i s  g r e a t e r  than t h e  decrease i n  AV l o s s  
represented by t h e  area between po in t s  1 and 5 .  An ear l ie r  s tar t  of t h e  
burn a l s o  r e s u l t s  i n  an inc rease  i n  t h e  l o s s .  

Because t h e  burn t i m e  i s  constant ,  t h e  change i n  t ime A t  i s  
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I n  t h e  lower p o r t i o n  of figure 3, t h e  e f f e c t  of t h e  r e l a t i v e  
l eng th  changes of burns 1 and 2 i s  i l l u s t r a t e d .  If burn 1 i s  shortened 
by t u r n i n g  t h e  engine OFF at point 5 and i f  burn 2 i s  lengthened by 
t u r n i n g  t h e  engine OFF a t  point  6 t o  keep t h e  t o t a l  burn t i m e  cons t an t ,  
t hen  t h e  decrease i n  t h e  l o s s  represented by t h e  a r e a  between p o i n t s  5 
and 2 i s  less  than  t h e  inc rease  i n  t h e  loss  represented by t h e  a r e a  
between p o i n t s  4 and 6. 

A t y p i c a l  t i m e  h i s t o r y  of C f o r  a four-burn escape maneuver i s  
shown i n  f i g u r e  4 .  
near  zero t o  g r e a t e r  t han  one, t h e  ?!-fun$tion for each burn i s  nea r ly  
i d e n t i c a l  t o  t h e  previous burn. Thus, C i s  p r imar i ly  a func t ion  of t h e  
p o s i t i o n  of t h e  spacec ra f t  with r e spec t  t o  t h e  p e r i a p s i s .  The C-function 
i s  almost t o t a l l y  unaffected by a c c e l e r a t i o n  of t h e  spacec ra f t .  There- 
f o r e ,  t h e  arguments f o r  t h e  opt imal i ty  of t h e  switching l o g i c  hold t u r n  
because pe r tu rb ing  t h e  f i r s t  burn by 
previously.  

Although the e c c e n t r i c i t y  of t h i s  o r b i t  changes from 

* A t  w i l l  have t h e  e f f e c t  discussed 

5.0 DISCUSSION 

An example of t h e  c h a r a c t e r i s t i c s  of t h e  s t e e r i n g  equations f o r  a 
four-burn m u l t i o r b i t  escape maneuver i s  shown i n  f i g u r e s  4 ,  5 ,  and 6 .  
The t i m e  h i s t o r y  of t h e  s t ee r ing  d i r e c t i o n  compared t o  t h e  f l i g h t - p a t h  
angle  i s  shown i n  f i g u r e  5 ,  and a p o l a r  p l o t  of t h e  p o s i t i o n  of t h e  
t h r u s t i n g  a r c s  i s  shown i n  f igu re  6 .  
figure 5 i s  shown as a funct ion of engine burn t ime, t h e  coas t ing  a r c  
of t h e  t r a j e c t o r y  i s  not shown. This example w a s  ca l cu la t ed  f o r  an 
i n i t i a l  thrust-to-weight r a t i o n  of 0.04 and a s p e c i f i c  impulse of 
825 seconds. 
t h r u s t  which i s  pushing against  1 875 000 pounds of weight. 
o r b i t  f o r  t h e  example w a s  e l l i p t i c a l  with a 100-n. m i .  per igee and a 
400-n. m i .  apogee. The equations are s i n g u l a r  f o r  an exact c i r c u l a r  
o r b i t .  The terminal  conditions f o r  t h e  escape maneuver are shown i n  
t a b l e  I .  

Because t h e  t ime h i s t o r y  i n  

These d a t a  represent  a nuclear  engine with 75 000 pounds of 
The i n i t i a l  

Note t h e  l a r g e  d i f f e rences  between t h e  f l i gh t -pa th  angle  and t h e  
t h r u s t  d i r e c t i o n  during t h e  f i r s t  burn. However, t h i s  d i f f e r e n c e  i s  
p rogres s ive ly  reduced t o  zero a t  t h e  end of t h e  l as t  burn. 
of  equat ion (13) i n d i c a t e s  t h a t  t h e  t h r u s t  d i r e c t i o n  w i l l  approach t h e  
f l i g h t - p a t h  angle  as T - t approaches zero.  The e f f e c t  of t h e  l a r g e  
negat ive t h r u s t  d i r e c t i o n  i n  the e a r l y  phases of t h e  burn i s  a r educ t ion  
i n  t h e  r a t e  of i nc rease  of t h e  p e r i a p s i s  a l t i t u d e  i n  t h e  e a r l y  phases 
of t h e  i n j e c t i o n  maneuver. 

Examination 
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A comparison i s  shown i n  figure 5 between 
s o l u t i o n  f o r  t h e  t h r u s t  d i r e c t i o n  f o r  a t h r u s t  
i n i t i a l  o r b i t  and t h e  f irst  in t e rmid ia t e  o r b i t  
intermediate  o r b i t  and t h e  escape t r a j e c t o r y .  
between t h e  ca l cu lus  o f  v a r i a t i o n  and eauation 
t h r u s t  a long 
with r e spec t  

a calculus  -of-vari a t  ion 
maneuver between t h e  
and between the f i n a l  
The agreement i s  good 

& (13) as compared with 
t h e  f l i gh t -pa th  angle. I t  i s  d i f f i c u l t  t o  make and conclusions 
t o  t h e  op t ima l i ty  o f  t h e  techniques developed i n  t h i s  paper  

because t h e  calculus-of-variation program used t o  determine t h e  t h r u s t  
d i r e c t i o n  on t h e  f irst  burn does not ca l cu la t e  optimum switching p o i n t s  
f o r  a m u l t i o r b i t  escape maneuver. However, t h e  agreement shown between 
i d e n t i c a l  o r b i t s  i s  encouraging. The c h a r a c t e r i s t i c  v e l o c i t y  Vc f o r  
t he  calculus-of-var ia t ion so lu t ion  f o r  t he  first burn w a s  2990 f'ps as 
compared t o  3009 f p s  i n  table I.  

i 

From t h e  space p l o t s  of t h e  burn a r c s  shown i n  f i g u r e  6,  i s  can be 
seen t h a t  each burn w a s  s t a r t e d  a t  approximately t h e  same t r u e  anomaly. 
The shutdown p o i n t s  appear t o  be a t  d i f f e r e n t  t r u e  anomalies because of a 
r o t a t i o n  of t h e  p e r i a p s i s  p o s i t i o n  during t h e  burn. 
p o s i t i o n  w a s  i n i t i a l i z e d  t o  zero between each burn. The a c t u a l  t r u e  
anomalies a t  t h r u s t  ON and t h r u s t  OFF are shown i n  t a b l e  I .  Note 
t h a t  t h e  ON and OFF commands are a l l  within 1' of t h e  same t r u e  anomaly 
angle  except f o r  t h e  l as t  command, i n  agreement with l i n e a r  theory f o r  
a s i n g l e  burn which i n d i c a t e s  t h a t  t h e  optimum switching po in t s  should 
be a t  equal  t rue anomalies on e i t h e r  s i d e  of p e r i a p s i s .  

The p e r i a p s i s  

Note from table I t h a t  t h e  l as t  o r b i t  i n  t h e  four-burn escape 
maneuver has  a per iod of 8790 hours.  I n  any p r a c t i c a l  mission p l an ,  t h e  
switching l o g i c  would have t o  be perturbed from t h e  optimum t o  l i m i t  t h e  
maximum pe r iod  of t h e  f i n a l  o r b i t  t o  some acceptable  maximum such as 
48 hours.  
ope ra t ion  of t h e  switching l o g i c  without such c o n s t r a i n t s .  
a l i m i t  t o  t h e  maximum escape v e l o c i t y  t h a t  can be obtained with a 
constant  switching po in t .  To ob ta in  higher escape v e l o c i t i e s ,  it i s  
necessary t o  inc rease  t h e  magnitude of t he  switching constant  f o r  t h e  
f i n a l  burn i f  t h e  per iod of t h e  l a s t  intermediate o r b i t  i s  l imi t ed .  

For t h e  example t r a j e c t o r y ,  it w a s  des i r ed  t o  show t h e  
There i s  a l s o  

c 

6.0 CONCLUSIONS 

A quasi-optimum s t e e r i n g  equation has been developed which i s  an 
expansion about t h e  o f t en  used velocity-vector s t e e r i n g .  A simple 
switching l o g i c  f o r  c a l c u l a t i o n  of multiburn e a r t h  escape maneuvers, 
t h e  quasi-optimum s t e e r i n g  equat ions,  has been developed which optimizes 
t h e  burn schedule .  The magnitude of t h e  switching func t ion  determines 
t h e  number of burns and t h e  f i n a l  escape speed. The s t e e r i n g  equation 
and switching l o g i c  should provide lower g rav i ty  l o s s e s  than s t e e r i n g  
along t h e  v e l o c i t y  vec to r ,  but  no comparison has been made with a t r u e  
o p t i m  mult iburn e a r t h  escape maneuver. 
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APPENDIX A 

DERIVATION OF dL/dt 

and 

, 

From equation (4) , t h e  following were obtained. 

m 

dV - -  d i  CF p,e  ' 

dt W d t  
- - -  

(A4 1 
r 

P P ¶ i  

dV 
dt r r  

_ _  - -- P P , i  

where V can be formed from t h e  r e l a t i o n s  given i n  reference 3 .  
F 

( A 6 1  1 2 
= - ( r V  COS V )  

P 

v =  IlZ 
P r  P 
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and 

v = v cos y 
, 8  

Then 

I 

dV dV 's ar r V  dr 
P = L 6 * - -  s E 
dt  r dt r at 2 at 

P P - P  

-t v sin y 
dt  

(A8 1 

Acceleration in the horizontal direction caused by gravity is given by 
the subsequent relation 

cos y sin y 
S V2 

dV 

dt r 
-t - -  

Addition of acceleration caused by the horizontal component of 
thrust F results in the following. 

S . 
cos y sin y V2 - -  dvs - F s - r  

dt 
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, 

Substitution of equations ( A 8 ) ,  ( A l l ) ,  and (A13) into equation ( A 1 0 1  
results in the following equations. 

drc - 3 z - F  dV r - rV cos y p 
2 dt dt r s r 

P P 

Substitution of equation ( A l 5 )  into equation ( A 5 )  yields 

By substitution of two-body orbital relationships and simplification, 
equation ( A 1 7 )  i s  obtained. 

. 
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To f i n d  d r  / d t ,  

i s  d i f f e r e n t i a t e d .  

t h e  two-body r e l a t i o n s h i p  given i n  r e fe rence  4 
P 

r = s(1 - e)  P 

da de dr 
A =  (1- e ) = -  a -  dt a t  

The d e r i v a t i v e s  da/dt and de /d t  a r e  given In refe7ence 2 as t h e  
fol lowing.  

Af te r  s u b s t i t u t i o n  of equat ion (A21) i n t o  equation (A191 and 
s i m p l i f i c a t i o n  by use  of conic  r e l a t ionsh ips  found i n  re ference  3, 
equat ion (A22) r e s u l t s .  
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and F are Fr S 
The components of t h r u s t i n g  

GF 
Fr = w sin . GF Fs = w COS B 

Subs t i t u t ion  of equat ion (A24) i n t o  equation. ( A l 7 )  and s impl i f i ca t ion  
r e s u l t  i n  equat ion (A25) 

dV 
When e i n  equation ( A l )  i s  rep laced ,  equation ( ~ 2 6 )  r e s u l t s .  
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APPENDIX B 

DETERMINATION OF THRUSTING DIRECTION 

FOR A STEERING EQUATION 

The s o l u t i o n  of t h e  equation 

dr 
A= 0 a t  

f o r  t h e  t h r u s t i n g  d i r e c t i o n  
To develop equat ion (Bl) i n t o  a s t e e r i n g  equation, use i s  made of 
several equat ions t h a t  a r e  based on a two-body s p h e r i c a l  s o l u t i o n  
t o  t h e  equat ion of motion. 

a f o r  a s t e e r i n g  equation i s  needed. 

r = a ( l  - e )  (B2)  P 

and 

d r  da de - E = ( l - e ) - - a -  d t  dt at 

as given i n  r e fe rence  2.  
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S u b s t i t u t i o n  of equat ions (B4)  and (B5) i n to  equat ion ( B 3 )  and t h e  
c o l l e c t i n g  of terms r e s u l t s  i n  t h e  following equat ion 

With equation (B2) 

The angle  of t h e  t h r u s t  vec to r  with respect  t o  t h e  ho r i zon ta l  i s  

The angle  
r ad ius  and p o s i t i v e  clockwise. 
r ad ius  toward t h e  p l a n e t ,  and 0' is  at r i g h t  angles  t o  t h e  r ad ius  i n  t h e  
d i r e c t i o n  of motion. 
i n  t h e  performance ana lys i s .  
by s u b s t i t u t i o n  of t h e  r e l a t i o n  

c1 i s  equal t o  zero when t h e  force i s  a t  r i g h t  angles  t o  t h e  
Therefore,  -90' i s  t h r u s t i n g  along t h e  

Equation (B8) represents  t h e  s t e e r i n g  l o g i c  used 
Another form of equat ion ( B 8 )  i s  obtained 
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i n t o  equat ion (B8) 

2 2 

ar (1 - e )  tan y 

r' - r 
(B10) tan a = 

t a n  y P 

This  form i s  more convenient i n  d i g i t a l  c a l c u l a t i o n s  because 
i s  e a s i l y  computed from t h e  pos i t i on  and v e l o c i t y  

t a n  y 
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APPENDIX C 

DETERMINATION OF THE STEERING ANGLE 

The l o s s  func t ion  C i s  given i n  equation (11) as t h e  fol lowing 

The s o l u t i o n  of t h e  equation 

aC 
a 0  
- = o  

f o r  f3 i s  needed; t h e r e f o r e  

r 

Note by inspect ion of equation (8)  t h a t  
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Equation (C3) is then  

AS given i n  equation ( 5 )  

t h e r e f  ore  

(sin B - tan y COS B )  

The d e r i v a t i v e s  aq/arp and aq/ae a r e  
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In appendix A, dr /dt is derived as 
P 

dr rp2(1 + e) 
J =  
dt V re 

P 

theref ore 

In reference 2, de/dt is given as 

By simplification 
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so tha t  

The required pa r t i a l  derivative having been coxnuted, a C / a g  
becomes 

I - 



Z E -  GF (T - t ) ( l  + e )  
W 
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By equat ing 
s u b s t i t u t i o n s  of equations ( C 7 ) ,  ( ~ 8 ) ~  ( C S ) ,  (ClO), and (C14) 

ac/aO t o  zero and d iv id ing  out terms with t h e  

0 = s i n  6 - t a n  y COS B 

(e - 1) [f - 6) s i n  8 - t e n  y cos B 3 GF 
W 

(T - t ) ( l  + e )  + -  

P , i  

Define 

( C 1 7  

Then by s u b s t i t u t i n g  and c o l l e c t i n g  terns 
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